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REPETITIVE CLUSTER CATEGORIES OF TYPE Dn
VIVIANA GUBITOSI
Abstract. In this paper, we show that the repetitive cluster category of type Dn, defined as the
orbit category Db(modkDn)/(τ−1[1])p, is equivalent to a category defined on a subset of tagged edges
in a regular punctured polygon. This generalizes the construction of Schiffler, [23], which we recover
when p = 1.
Introduction
Cluster categories were introduced in [6] and, independently, in [8] for type An, with the aim of
better understanding the cluster algebras of Fomin and Zelevinsky [9, 10]. Since then cluster categories
have been the subject of many investigations.
In the approach of [6], the cluster category CA is defined as the quotient of the derived category
Db(A) of a hereditary algebra A by the endofunctor F = τ−1 [1], where τ is the Auslander-Reiten
translation in Db(A) and [1] is the shift. Thus the objects M˜ of CA are the orbits M˜ = (F iM)i∈Z of
objects M ∈ Db(A) and Hom CA(M˜, N˜) = ⊕i∈ZHomDb(A)(M,F iN).
For any positive integer p, the repetitive cluster category CFp(H) was introduced by Zhu, in [26],
for any hereditary abelian category H with tilting objects. These are orbit categories Db(H)/F p of
the derived category Db(H) by the endofunctor F p = (τ−1[1])p, where τ is the Auslander-Reiten
translation and [1] is the shift. Repetitive cluster categories are triangulated by Keller [17].
The cluster tilting objects in these repetitive cluster categories are shown to correspond one-to-one
to those in the classical cluster categories. The endomorphism algebras of cluster tilting objects in
Db(H)/F p are the coverings of the cluster tilted algebras [26].
When H is an hereditary algebra of type Dn we will denote its repetitive cluster category as Cn,p.
When p = 1 we recover the usual cluster category of type Dn, which we denote simply by Cn.
The particularity of the repetitive cluster categories is that they are fractionally Calabi-Yau of
dimension 2pp , this means that (τ [1])
p ∼= [2p] as triangle functors, and the fraction cannot be simplified
[15]. It is precisely in this point that the category Cn,p differs from Cn.
The association of geometric models to algebraic categories has been studied and developed by many
authors, among others we mention: [4, 5, 7, 8, 18, 19, 23, 25]. This approach is not only beautiful
but also fruitful as it gives new ways to understand the intrinsic combinatorics of the category. In
particular repetitive cluster categories of type An were studied by Lamberti in [19]. She showed an
equivalence of categories between the repetitive cluster category of type An and a category of diagonals
in a regular p(n+2)-gon. The model proposed also leads to a geometric interpretation of cluster tilting
objects in the repetitive cluster category for type An.
In this paper, we give a geometric realization of the repetitive cluster categories of type Dn in the
spirit of [8] and [19]. We addapt the geometric description given by Schiffler in [23].
Our main result is the equivalence of the category of tagged edges and the repetitive cluster category
Cn,p, see Corollary 5.2.
The article is organized as follows. After a preliminary section, in which we fix the notations and
recall some concepts needed later, section 2 is devoted to recall the definition of the repetitive cluster
category Cn,p an some basic properties. In section 3, we study the relation between repetitive cluster
categories and cluster categories. Section 4 is dedicated to the definition of the category C(Pnp) of
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2 V. GUBITOSI
tagged edges. We show the equivalence of this category and the repetitive cluster category in section
5. Finally, in section 6, we give a geometric interpretation of cluster tilting objects in Cn,p.
1. Definitions and Preliminaries
1.1. Notation. Let k be an algebraically closed field. If Q is a quiver, we denote by Q0 the set of
vertices and by Q1 the set of arrows of Q. The path algebra of Q over k will be denoted by kQ. It is of
finite representation type if there is only a finite number of isoclasses of indecomposable modules. By
Gabriel’s theorem kQ is of finite representation type if and only if Q is a Dynkin quiver, that is, the
underlying graph of Q is a Dynkin diagram of type An, Dn or En [11].
If A is an algebra, we denote by modA the category of finitely generated right A-modules and by
indA a full subcategory whose objects are a full set of representatives of the isoclasses of indecompos-
able A-modules. LetDb(modA) denote the derived category of bounded complexes of finitely generated
A-modules. For further facts about mod (A) and Db(modA) we refer the reader to [1, 2, 12, 22].
Throughout the paper we denote by D the bounded derived category Db(modkDn)
1.2. Serre duality and Calabi-Yau categories. Let k be a field and let K be a k-linear triangulated
category which is Hom-finite, i.e. for any two objects in T the space of morphisms is a finite dimensional
vector space.
Remember from [16] that a k-triangulated category K has a Serre functor if it is equipped with an
auto-equivalence ν : K→ K together with bifunctorial isomorphisms
DHomK(X,Y) ∼= HomK(Y, νX),
for each X,Y ∈ K, where D indicates the vector space duality Homk(−, k).
We will say that K has Serre duality if K admits a Serre functor. If D denotes the category
Db(modkDn) and we consider the case K = D a Serre functor exists ([16] p. 24), it is unique up to
isomorphism and ν ∼→ τ [1], where τ is the Auslander-Reiten translate and [1] is the shift functor of D.
For n,m > 0, a category K with Serre functor ν is said to be fractionally Calabi-Yau of dimension
m
n or
m
n -Calabi-Yau if there is an isomorphism of triangle functors:
νn ∼= [m]
where [m] indicates the composition of the shift functor with itself m times.
1.3. Translation quivers. Following [21], we define a stable translation quiver to be a pair (Γ, τ)
where Γ is a locally finite quiver and τ : Γ′0 → Γ0 is an injective map defined on a subset Γ′0 of the
vertices of Γ such that for any x ∈ Γ0, y ∈ Γ′0, the number of arrows from x to y is the same as the
number of arrows from τ(y) to x.
If Γ′0 = Γ0 and τ is bijective, (Γ, τ) is called a stable translation quiver.
A stable translation quiver is said to be connected if it is not a disjoint union of two non-empty
stable subquivers.
Given a stable translation quiver (Γ, τ), a polarization of Γ is a bijection σ : Γ1 → Γ1 such that
σ(α) : τ x → y for every arrow α : y → x ∈ Γ1. If Γ has no multiple arrows, then there is a unique
polarization.
We remark that in all examples of stable translation quivers appearing in this article, the number
of arrows between two vertices is always at most 1.
The path category of (Γ, τ) is the category whose objects are the vertices of Γ, and given x, y ∈ Γ0,
the k-space of morphisms from x to y is given by the k-vector space with basis the set of all paths from
x to y. The composition of morphisms is induced from the usual composition of paths.
The mesh ideal in the path category of Γ is the ideal generated by the mesh relations
mx =
∑
α:y→x
σ(α)α.
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The mesh category M(Γ, τ) of (Γ, τ) is the quotient of the path category of (Γ, τ) by the mesh ideal.
Given a quiver Q one can construct a stable translation quiver ZQ as follows: (ZQ)0 = Z×Q0 and
the number of arrows in ZQ from (i, x) to (j, y) equals the number of arrows in Q from x to y if i = j,
and equals the number of arrows in Q from y to x if j = i+ 1, and there are no arrows otherwise. The
translation τ is defined by τ((i, x)) = (i− 1, x).
Important examples of translation quivers are the Auslander-Reiten quivers of the derived categories
of hereditary algebras of finite representation type. We shall need the following proposition.
1.1. Proposition. [13, I.5] Let Q be a Dynkin quiver. Then
(1) the Auslander-Reiten quiver of Db(modkQ) is ZQop.
(2) the category indDb(modkQ) is equivalent to the mesh category of ZQop.
1.3.1. The stable translation quiver of D. Let Q be a quiver of underlying Dynkin type Dn. We denote
the vertices of Q with 0, 0, 1, · · · , n− 2 and the arrows are i− 1→ i (i = 1, · · · , n− 2) together with
0→ 1; see Figure 1.
0
xx
(n− 2) (n− 3)oo · · ·oo 2oo 1oo
0
ee
Figure 1. The quiver of type Dn
By proposition 1.1, the Auslander-Reiten quiver of D is the stable translation quiver ZQop. The
labels of Q0 induce labels on the vertices of ZQop as usual:
(ZQop)0 = {(i, j) | i ∈ Z, j ∈ Q0} = Z× {0, 0, 1, . . . , n− 2}.
Moreover, we can identify the indecomposable objects of D with the vertices of ZQ. Let P1 be the
indecomposable projective module corresponding to the vertex 1 ∈ Q0. Then, by defining the position
of P1 to be (0, 1), we have a bijection
pos : indD→ Z× {0, 0, 1, . . . , n− 2}.
In other terms, for M ∈ indD, we have pos (M) = (i, j) if and only if M = τ−i Pj , where Pj is the
indecomposable projective A-module at vertex j. The "integer" j ∈ {0, 0, . . . , n− 2} is called the level
of M and will be denoted by level (M).
If pos (M) = (i, j) with j ∈ {0, 0} then let M− be the indecomposable object such that pos (M−) =
(i, j′), where j′ is the unique element in {0, 0} \ {j}.
The structure of the derived category D is well known. In particular, we have the following result.
1.2. Lemma. [23] Let M ∈ indD.
(1) If n is even, then M [1] = τ−n+1D M .
(2) If n is odd, then
M [1] =
 τ
−n+1
D M if level (M) /∈ {0, 0}
τ−n+1D M
− if level (M) ∈ {0, 0}
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2. Repetitive cluster categories of type Dn
In the following we give the algebraic description of the repetitive cluster category of type Dn. This
is the orbit category of the bounded derived category D of modkDn under the action of the cyclic
group generated by the auto-equivalence (τ−1[1])p = τ−p[p] for p > 0, where τ is the AR-translation
in D and [1] is the shift functor. Repetitive cluster categories were defined in [26] as orbit categories
of Db(H), for H a hereditary abelian category with tilting objects.
2.1. Definition. The repetitive cluster category
Cn,p := D/ < τ
−p[p] >
of type Dn, has as class of objects the same as in D. The class of morphism is given by:
HomCn,p(X,Y ) =
⊕
i∈Z
HomD(X, (τ
−p[p])iY )
Observe that when p = 1, one gets back the usual cluster category which we simply denote by Cn.
Furthermore, one can define the projection functor ηp : Cn,p → Cn which sends an object X in Cn,p to
an object X in Cn, and φ : X → Y in Cn,p to the morphism φ : X → Y in Cn, [26]. Then one has that
pi1 = pip ◦ ηp, where pip : D→ Cn,p and pi1 : D→ Cn are the projections.
In the following let F = F1 be the fundamental domain for the functor F := τ−1[1] in D given
by the isoclasses of indecomposables objects in modkDn together with the [1]-shift of the projective
indecomposable modules. After [6, Proposition 1.6] one can identify the subcategory of isomorphism
classes of indecomposable objects of Cn, denoted by ind(Cn), with the objects in F. Let F k := F ◦· · ·◦F ,
k-times, then denote by Fk the F k-shift of F and we can draw the fundamental domain for the functor
τ−p[p] as in Figure 2.
Figure 2. Partition of the fundamental domain of τ−p[p]
As next we summarize some basic properties of Cn,p proven in [26, Proposition 3.3].
2.2. Lemma. Let Cn,p be the repetitive cluster category of type Dn and Cn be the cluster category of
type Dn . Then
(1) Cn,p is a triangulated category with AR-triangles and Serre functor ν := τ [1].
(2) The projections pip : D→ Cn,p and ηp : Cn,p → Cn are triangle functors.
(3) Cn,p is fractionally CY of dimension 2pp .
(4) Cn,p is a Krull-Schmidt category.
(5) ind(Cn,p) =
⋃p
i=1 ind(Fi).
Repetitive cluster categories were studied by Zhu in [26] from a purely algebraic point of view and
for type An by Lamberti in [19] in a geometrical-combinatorial way. We will do a similar study for
type Dn.
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2.1. The Auslander-Reiten quiver of Cn,p. Since the Auslander-Reiten quiver of the cluster cat-
egory Cn, denoted by Γ(Dn, 1), is the stable translation quiver built from n copies of Qop (see [6,
§1], [13]), after Lemma 2.2 we can see the Auslander-Reiten quiver of the repetitive cluster category
Cn,p, denoted by Γn,p, as the stable translation quiver built from np copies of Qop. The vertices of
Γn,p are:
(Γn,p)0 = {(i, j) | i ∈ Znp, j ∈ Q0} = Znp × {0, 0, 1, . . . , n− 2};
and there is an arrow (i, j) → (i, k) and an arrow (i, k) → (i + 1, k) whenever there is an arrow
j → k in Qop. Finally, the translation τ is given by
τ(i, j) =
{
(i− 1, j), if i = 0, j ∈ {0, 0} and np is odd;
(i− 1, j), otherwise.
We use the convention that 0 = 0. Note that the switch described here only occurs for odd np.
As an example, we draw the quivers Γ(Dn, 1) for n = 3 and n = 4; see Figures 3 and 4. The
translation τ is indicated by dotted lines (it is directed to the left).
(0, 1)
$$

(1, 1)
$$

(2, 1)
$$

(0, 1)
$$

(0, 0)
::
(1, 0)
::
(2, 0)
::
(0, 0)
(0, 0)
CC
(1, 0)
CC
(2, 0)
CC
(0, 0)
Figure 3. The quiver Γ(D3, 1)
(0, 2)
%%
(1, 2)
%%
(2, 2)
%%
(3, 2)
%%
(0, 2)
%%
(0, 1)
%%
99

(1, 1)
%%
99

(2, 1)
%%
99

(3, 1)
%%
99

(0, 1)
%%

(0, 0)
99
(1, 0)
99
(2, 0)
99
(3, 0)
99
(0, 0)
(0, 0)
CC
(1, 0)
CC
(2, 0)
CC
(3, 0)
CC
(0, 0)
Figure 4. The quiver Γ(D4, 1)
3. Cn,p and the link to the cluster category
One of our goals is to realise the Auslander-Reiten quiver ( or AR-quiver for short) for the repetitive
cluster category in terms of the AR-quiver of a cluster category of type Dt for certain value of t.
In the following denote by (Γn,p, τn,p) the AR-quiver of the repetitive cluster category Cn,p and by
(Γ(Dt, 1), τt) the AR-quiver of the cluster category Ct.
3.1. Lemma. Let t = np. Then (Γn,p, τn,p) is a subquiver of (Γ(Dt, 1), τt) .
Proof. To prove the claim we establish an isomorphism of stable translation quivers between (Γn,p, τn,p)
and a stable translation subquiver of (Γ(Dnp, 1), τnp).
We observe that the union of the τt-orbits of the bottom n rows of the quiver Γ(Dt, 1), illustrated
in the darkest strip in figure 5, defines a subquiver Γ˜t of Γ(Dt, 1).
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Figure 5. Inclusion Γn,p ⊂ Γ(Dnp, 1).
As Γ(Dt, 1) is a stable translation quiver, the same remains true for Γ˜t. By construction, the two
quivers have the same number of rows (namely n).
Remember that Γ(Dr, 1) identifies the vertices (0, j) and (r, j) for every j /∈ {0, 0}. For r even, also
identifies the vertices (0, 0) and (0, 0) with the vertices (r, 0) and (r, 0) respectively. However, for r
odd it identifies (0, 0) with (r, 0) and (0, 0) with (r, 0).
To see the isomorphism just on the level of quivers we compare the induced action of the auto
equivalence (τ−1n,p[1])p on Γn,p with the action of (τ
−1
t [1])|Γ˜t on Γ˜t. It is easy to check that the actions
coincide because np is odd if and only if n and p are odd. Furthermore, because the meshes of the
quivers Γ˜t and Γn,p coincide we deduce that this gives an isomorphism of stable translation quivers.

Now, we describe the other component arising in the translation quiver (Γ(Dnp, 1), τ).
3.2. Proposition. The quiver Γ(Dnp, 1) has 1 connected component isomorphic to the Auslander-
Reiten quiver of Db(An(p−1))/τnp.
Proof. We consider the following subset Z of vertices of the quiver Γ(Dnp, 1):
Z := {(i, j) | i ∈ Znp, j ∈ {n− 1, · · · , np− 2}}
Such a set Z is the union of the first n(p − 1) orbits at the top of the quiver Γ(Dnp, 1). It is
clear that the translation quiver generated by Z (i.e. the full subquiver induced by Z, together with
τ) is a connected component of Γ(Dnp, 1). Each row is of length np. Then Z is isomorphic to the
Auslander-Reiten quiver of Db(An(p−1))/τnp.

Since, by lemma 3.1, Γn,p is a connected component of Γ(Dnp, 1) and the vertices of Γ(Dnp, 1) are
exhausted by the vertices of Γn,p and Z, we obtain the following corollary.
3.3. Corollary. The quiver (Γ(Dnp, 1), τ) is the union of the following connected components:
(Γ(Dnp, 1), τnp) = Γn,p ∪ Γ(Db(An(p−1))/τnp),
where Γ(Db(An(p−1))/τnp) denotes the Auslander-Reiten quiver of Db(An(p−1))/τnp.
We ilustrate on the following example the results presented.
3.4. Example. Let n = 4 and p = 2.
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Figure 6. The translation quiver Γ(D8, 1)
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Figure 7. The connected component Γ˜8 isomorphic to Γ4,2
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Figure 8. The connected component isomorphic to Γ(Db(A4)/τ8)
3.1. Triangulated equivalence for Cn,p. Here we desire to compare the category Cn,p with the
cluster category of type Dt for t = np.
Since the inclusion of the AR-quiver of Cn,p in the AR-quiver of the cluster category Ct for t = np
does not give rise to an inclusion at the level of full subcategories, Cn,p is in particular not a triangulated
subcategory of Cnp. However, it is possible to prove that it is triangulated equivalent to a quotient
category of Cnp in the sense of Jørgensen [14].
We now recall the definition of quotient categories and some properties. Let C be an additive
category and X a class of objects of C. Then the quotient category CX has by definition the same
objects as C, but the morphism spaces are taken modulo all the morphisms factoring through an
object of X.
Observe that if C is a triangulated category, then CX needs not to be triangulated for all choices
of X. However, CX is always pre-triangulated ([14, Theorem 2.2])and taking a particular choice of the
class X, CX becomes a triangulated category ([14, Theorem 3.3 ]).
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3.5. Proposition. The repetitive cluster category Cn,p is triangulated equivalent to a quotient of the
cluster category Ct for t = np.
Proof. Denote by X the additive full subcategory generated by the indecomposable objects in the first
n(p− 1) orbits at the top of the quiver Γ(Dnp, 1). Then, we have that τtX = X. So, by [14, Theorem
4.2], the AR-quiver of the quotient category (Ct)X is obtained by deleting the vertices corresponding
to the objects of X and the arrows linked with them. Then, (Ct)X is connected, and has finitely
many indecomposable objects up to isomorphism. Furthermore, again by [14, Theorem 4.2] (Ct)X
is standard and of algebraic origin. Proceeding as in [14, Theorem 5.2] we conclude that (Ct)X is
triangulated equivalent to a quotient of a cluster category of type Dn.
It remains to see that (Ct)X and Cn,p are equivalent as triangulated categories. For this we observe
that Cn,p is of algebraic origin by results of [16, Section 9.3] and standard by [3, Proposition 6.1.1.].
Furthermore, it is straightforward to see that the AR-quivers of (Ct)X and Cn,p are isomorphic as
translation quivers. Thus we are in the conditions of Amiot’s Theorem [14, Theorem 5.1] applied to
(Ct)X and Cn,p. Hence we deduce that these categories are equivalent as triangulated categories, and
so the claim follows. 
4. Geometric model of Cn,p
In this section we present the geometric model for Cn,p. It is a simple modification of the model
constructed by Schiffler in [23] for the cluster category of type Dn.
4.1. Tagged edges. Let n ≥ 3 and p ≥ 1. Consider a regular polygon Pnp with np vertices and one
puncture in its center. We label the vertices of Pnp counterclockwise 1, 2, · · · , np.
If a 6= b are any two vertices on the boundary then let δa,b denote a path along the boundary from
a to b in counterclockwise direction which does not run through the same point twice. Let δa,a denote
a path along the boundary from a to a in counterclockwise direction which goes around the polygon
exactly once, and such that a is the only point through which δa,a runs twice. For a 6= b, let |δa,b| be
the number of vertices on the path δa,b (including a and b), and let |δa,a| = n+ 1.
•
•
b
• a

δa,b
Figure 9. The path δa,b on the punctured polygon Pnp.
An edge is a triple (a, α, b) where a and b are vertices of the punctured polygon and α is a path
from a to b such that
(E1) α is homotopic to δa,b,
(E2) except for its starting point a and its endpoint b, the path α lies in the interior of the punctured
polygon,
(E3) α does not cross itself, that is, there is no point in the interior of the punctured polygon
through which α runs twice,
(E4) |δa,b| ≥ np− n+ 3.
Two edges (a, α, b), (c, β, d) are equivalent if a = c, b = d and α is homotopic to β. Let E be the set
of equivalence classes of edges. Then, an element of E is uniquely determined by the ordered pair of
vertices (a, b). We will therefore use the notation Ma,b for the equivalence class of edges (a, α, b) in E.
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Define the set of tagged edges E′ as follows:
E′ = {M a,b |Ma,b ∈ E,  = ±1 and  = 1 if a 6= b}
If a 6= b, we will often drop the exponent and write Ma,b instead of M1a,b.
A simple count shows that there are pn2 elements in E′. These tagged edges will correspond to the
indecomposable objects in the repetitive cluster category.
4.2. Elementary moves. Adapting a concept from [23], we will define elementary moves, which will
correspond to irreducible morphisms in the repetitive cluster category.
An elementary move sends a tagged edge M a,b ∈ E′ to another tagged edge M 
′
a′,b′ ∈ E′ in the
following way:
(1) If |δa,b| = np− n+ 3, then there is precisely one elementary move Ma,b 7→Ma,b+1.
(2) If np− n+ 4 ≤ |δa,b| ≤ np− 1, then there are precisely two elementary moves Ma,b 7→Ma+1,b
and Ma,b 7→Ma,b+1.
(3) If |δa,b| = np, then there are precisely three elementary moves Ma,b 7→ Ma+1,b, Ma,b 7→ M1a,a
and Ma,b 7→M−1a,a.
(4) If |δa,b| = np+ 1, then a = b and there is precisely one elementary move M a,a 7→Ma+1,a.
4.1. Notation. Observe that when we write Ma,b the indices a, b have to be taken modulo np.
•
••
•
•
• •
•
•
a
b+ 1b
Ma,b
Ma,b+1
•
••
•
•
• •
•
•
ab
Ma,b
M1a,a
•
••
•
•
• •
•
•
a a+ 1
Ma+1,a
M1a,a
Ma,b 7→Ma,b+1 Ma,b 7→M1a,a M1a,a 7→Ma+1,a
Figure 10. Examples of elementary moves.
4.3. Translation. We define the translation τ to be the following bijection τ : E′ → E′:
(1) If a 6= b then τMa,b = Ma−1,b−1.
(2) If a = b then τM a,a = M
−
a−1,a−1, for  = ±1.
The next lemma follows immediately from the definition of τ .
4.2. Lemma. Let τ be the translation defined above. Then:
(1) If np is even then τnp = id.
(2) If np is odd then τnpM a,b =

M a,b if a 6= b,
M−a,a if a = b.
Observing that our tagged edges are a subset of the set of tagged edges defined in [23]. Precisely,
the ones with |δa,b| ≥ np− n+ 3 instead of |δa,b| ≥ 3. For p = 1 we have exactly the definition of [23].
In particular, we have the following lemma.
4.3. Lemma. [23, Lemma 3.6] Let Mλa,b, M

c,d be two tagged edges. Then there is an elementary move
Mλa,b 7→M c,d if and only if there is an elementary move τM c,d 7→Mλa,b.
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4.4. Quiver of tagged edges of Pnp. As next we associate a translation quiver Γ to the tagged
edges of Pnp with the intention of modelling the AR-quiver of the category Cn,p.
4.4. Definition. Let Γ be the quiver whose vertices are the tagged edges M ∈ E′ on the punctured
polygon Pnp. Given M,N ∈ E′ there is an arrow M → N in Γ whenever there is an elementary
move M 7→ N .
Note that Γ has no loops and no multiple arrows.
4.5. Lemma. The pair (Γ, τ) is a stable translation quiver.
Proof. Clearly the map τ is bijective. As Γ is finite, we only need to persuade us that the number
of arrows from a tagged edge M to a tagged edge N is equal to the number of arrows from τN to M .
As there is at most one arrow between any two tagged edges, we only have to check that there is an
arrow from M to N if and only if there is an arrow from τN to M . It follows directly from Lemma
4.3. 
4.5. The category of tagged edges C(Pnp). We will now define a k-linear additive category of
tagged edges C(Pnp) as the mesh category M(Γ, τ) of (Γ, τ) (as in section 1.3). More specifically,
the objects are direct sums of tagged edges in E′. The set of morphisms from a tagged edge Y to a
tagged edge X is the quotient of the vector space over k spanned by sequences of elementary moves
from Y to X by the subspace generated by the mesh relations
mX =
∑
Y
α→X
τX
σ(α)→ Y α→ X.
5. Equivalence of categories
In this section, we will prove the equivalence between the category C(Pnp) and the repetitive cluster
category Cn,p.
5.1. Theorem. The quiver (Γ, τ) is a translation quiver isomorphic to the Auslander-Reiten quiver
Γn,p of Cn,p.
Proof. Consider the morphism φp : Γn,p → Γ such that
φp(i, j) =

Mi+1,i+np+1−j , if j /∈ {0, 0};
Mi+1,i+1, if j = 0 and i is even;
Mi+1,i+1, if j = 0 and i is odd;
M−1i+1,i+1, otherwise.
It is clear that φp is a bijection between the vertices of both quivers that sends the τ -orbit of the
vertex (0, j) to the τ -orbit of the vertex M1,np+1−j ; the τ -orbit of the vertex (0, 0) to the τ -orbit of
the vertex M1,1; and the τ -orbit of the vertex (0, 0) to the τ -orbit of the vertex M−11,1 . Moreover, the
arrows (i, j)→ (i′, j′) agrees with the elementary moves φp(i, j) 7→ φp(i′, j′).

Since C(Pnp) is the mesh category M(Γ, τ) of (Γ, τ) we obtain the following corollary.
5.2. Corollary. The repetitive cluster category of type Dn is equivalent to the category of tagged edges
C(Pnp).

Observe that the fundamental domain F of the cluster category Cn is in correspondence (via φp )
with the tagged edgesM a,b for a ∈ {1, · · · , n}; and in general Fk, the F k-shift of F , is in correspondence
(via φp ) with the tagged edges M a,b for a ∈ {(k− 1)n+ 1, · · · , kn}. Then the action of F on Cn,p can
be see as a counterclockwise rotation ρ through 2pip around the center of Pnp.
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Given a tagged edge M a,b ∈ Pnp, we can identify the vertices a+ 1 and a+ 1 + n(p− 1) and delete
all the edges between. This gives us a new tagged edge µp(M a,b) ∈ Pn. The indices a, b have to be
taken modulo np on the punctured polygon Pnp and modulo n on the punctured polygon Pn.
•
••
•
•
• •
•
•
18
45
M4,5
M1,8
µ27−→
••
• •
•
14
M1,4
Figure 11. Example of µ2 : P8 → P4.
It follows that this projection µp : Pnp → Pn corresponds to the projection functor ηp : Cn,p  Cn.
Moreover we have the following commutative diagram
Cn,p
ηp //
φp

Cn
φ1

C(Pnp) µp
// C(Pn)
5.3. Example. We ilustrate the Auslander-Reiten quiver of the category C(Pnp) for p = 2 and n = 3.
The translation τ is indicated by dotted lines (it is directed to the left).
·
  

·
  

·
  

·
  

·
  

·
  

·
  

· · ·
>>

>> >>
q
>> >>
M
>>
· · ·
q
FF FF
M
FF FF

FF FF
q
Figure 12. The quiver Γ for p = 2 and n = 3.
6. Cluster tilting theory for Cn,p
In this section we are interested in understanding the cluster tilting objects of Cn,p, and compare
them with configurations of tagged edges in the pounctured polygon Pnp. When p = 1, it is known
that cluster tilting objects of Cn correspond to triangulations of a regular polygon with n vertices and
one puncture; i.e. a maximal collection of pairwise non crossing tagged edges.
Cluster tilting objects in Cn,p have been studied from an algebraic point of view in [26].
In the following definition let add(T ) be the full subcategory consisting of direct summands of direct
sums of finitely many copies of T .
6.1. Definition. [26] An object T ∈ Cn,p is called a cluster tilting object if for any object X ∈ Cn,p we
have that
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(1) Ext1Cn,p(T,X) = 0 if and only if X ∈ add(T );
(2) Ext1Cn,p(X,T ) = 0 if and only if X ∈ add(T ).
A cluster tilting object is called basic if all its direct summands are pairwise non isomorphic. In
this paper all the cluster tilting objects we consider will be basic, so we omit the term basic.
If T = T1⊕T2⊕· · ·⊕Tk is an object in Cn,p denote by XT the set of tagged edges on the punctured
polygon Pnp via the isomorphism φp
T = T1 ⊕ T2 ⊕ · · · ⊕ Tk φp7−→ XT = {φp(T1), · · · , φp(Tk)}
Taking p = 1 we have the next result that follows from [23].
6.2. Lemma. T is a cluster tilting object in Cn if and only if XT is a triangulation of the regular
punctured polygon Pn. The cardinality of XT is n.
Now we are going to state a similar result for cluster tilting objects in Cn,p.
If XT ′ is a set of tagged edgesM a,b, with a, b ∈ {1, · · · , n}, of Pn; by abuse of notation we also denote
by XT ′ the set of tagged edgesM a,b with a, b ∈ {1, · · · , n} of Pnp. Recall that ρ is the counterclockwise
rotation through 2pip around the center of Pnp ( which corresponds with the action of F on Cn,p). Then
we have:
6.3. Proposition. T is a cluster tilting object of Cn,p if and only if there is a cluster tilting object T ′
of Cn such that
XT = XT ′ ∪ ρ(XT ′) ∪ · · · ∪ ρp−1(XT ′)
Proof. Suppose that T is a cluster tilting object in Cn,p. Then by [26, Theorem 3.5] T ′ = ηp(T )
is a cluster tilting object in Cn. By Lemma 6.2, XT ′ is a triangulation of the regular punctured
polygon Pn with n elements. Let X := µ−1p (XT ′) the corresponding set of tagged edges in Pn,p. Then
XT := φp(T ) = µ
−1
p φ1ηp(T ) = X and X = µ−1p (XT ′) = XT ′ ∪ ρ(XT ′) ∪ · · · ∪ ρp−1(XT ′) by definition of
µp.
On the other hand we assume that XT = XT ′ ∪ ρ(XT ′) ∪ · · · ∪ ρp−1(XT ′) with T ′ a cluster tilting
object in Cn. Then T = φ−1p (XT ) = T ′ ⊕ F (T ′) ⊕ · · · ⊕ F p−1(T ′) is a cluster tilting object in Cn,p,
again by [26, Theorem 3.5].

6.4.Definition. A set of tagged edges X of Pn,p is said to be a p-triangulation if there is a triangulation
Y of Pn (in the sense of [23]) such that X = µ−1p (Y).
Then we can rewrite Proposition 6.3 as follows:
6.5. Proposition. T is a cluster tilting object of Cn,p if and only if XT is a p-triangulation of Pn,p.
Since the p-triangulations have pn different tagged edges we have the following Corollary.
6.6. Corollary. Any cluster tilting object of Cn,p has pn pairwise non isomorphic summands.

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